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Abstract

The 3D printing of machine components is becoming an established technique. To ensure their
robustness and longevity, it is crucial to numerically predict the dynamic response of these com-
ponents in a variety of operating conditions. Dynamic properties are conventionally obtained in
the form of displacement or strain-based response models. However, numerical modeling of the
dynamic properties of 3D-printed structures can be a tedious task, mainly due to the complex
geometry of the infill pattern and the influence of the printing parameters on the material and
geometric properties. Alternatively, the dynamic properties can also be represented in the form of
an experimental response model. This reflects the real dynamic properties, but is usually subject
to measurement errors and has a low spatial resolution. To integrate the benefits of numerical and
experimental response models, we propose a hybrid modeling approach with the System Equivalent
Mixing method. The method was extended to a form that could integrate dynamic response models
with different physical quantities (displacement and strain). The approach was then analyzed on a
3D-printed beam with a complex infill pattern, where an accurate expansion of the strain response
to a high spatial resolution was demonstrated.

Keywords: Full-field strain response, Expansion process, PVDF strain sensor, 3D print, Modal
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1. Introduction

The designs of modern products and their methods of production must ensure that they are
cheap to make and use. This can be achieved by employing innovative production approaches that
allow rapid adaptation to customers’ preferences and can adhere to guidelines relating to envi-
ronmental acceptability and long-term use. Today, it is often possible to meet these requirements
using 3D-printing technology.

3D printing was initially used for prototyping, but years of development have led to it becoming
a procedure for regular production in some cases. 3D-printed structures have an excellent strength-
to-weight ratio, great flexibility in terms of shape complexity, which means they can be used in a
wide variety of applications [1]. New possibilities have opened up with the use of more advanced
materials, enabling the construction of smart structures [2], actuators and sensors [3, 4].
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Preprint submitted to Measurement December 29, 2022

https://www.sciencedirect.com/journal/measurement
https://doi.org/10.1016/j.measurement.2022.112339


Simulating the dynamic response of 3D-printed structures is crucial to ensure their robustness
and longevity in service. The dynamic properties are conventionally obtained with displacement-
based response models. With the additional inclusion of a strain-response model, vital information
with regards to the stresses can be obtained [5]. Therefore, by integrating both response models,
more comprehensive information about the dynamic properties can be acquired.

Different approaches to numerical modeling have been developed to obtain the high-spatial-
resolution dynamic response of 3D-printed structures. Predicting their dynamic behavior was
investigated in detail in the numerical modeling of the dynamic crushing behavior of cellular struc-
tures [6, 7]. The finite element method with a detailed description of the complex infill geometry,
was shown to be applicable for static response prediction [8] and even for predicting the natural
frequencies of simple structures with a full infill [9]. To estimate the mechanical properties of
3D-printed structures using numerical modeling, methods based on computational intelligence are
proposed in [10]. However, the common conclusion of all this research is that a numerical model of
a 3D-printed structure is always associated with assumptions and simplifications. The main reason
is the complex geometry (infill patterns) and a large number of influential printing parameters that
affect the material and the dimensional properties of the final product [11]. Therefore, it is hard to
develop valid numerical models that reflect the dynamic properties of a real, 3D-printed structure.

An alternative to the fully numerical approach is to access the dynamic properties of 3D-
printed structures by using experimental modeling1 [14, 15]. The advantage of this approach is
that the structure is considered with fewer simplifications and assumptions; however, measurements
are usually performed at only a limited number of points. Experimental modeling represents
a trade off between experimental simplicity, accuracy and spatial resolution. For the full-field
response, a non-contact vibration measurement method is used; the most popular being an optical
method such as Digital Image Correlation [16, 17] or laser scanning [18, 19]. A promising non-
contact alternative for measuring the dynamic response of structures is also the blade tip timing
technique [20, 21]. It allows reconstruction of full-field dynamic strain of rotating blades from a
limited set of measured strain responses. Measurement setups based on these approaches require
relatively expensive equipment and an advanced post-processing procedure. They enable only a
line-of-sight measurement, and thus the responses of any hidden components are inaccessible [22].

We propose an alternative, hybrid-based approach to modeling the dynamic properties of sys-
tems with a complex geometry (e.g., 3D-printed structures). The approach is based on the system
equivalent model mixing (SEMM) method that integrates the experimental response model with
a simplified numerical model [13]. The SEMM method is already applicable for joint identifica-
tion [23], correction of noisy data from high-speed cameras and acoustic measurements [24, 25] and
data-consistency identification [26, 27].

The numerical model involved to the SEMM method can be considerably simplified, since the
accurate dynamic properties are inherited in the hybrid model by including the experimental re-
sponse model. This approach has already been successfully applied to expand the translational
experimental response model in [28]. However, in this article we investigated the possibility of ex-
panding the experimental response model of the combined displacement and strain response using
the SEMM method. This would allow the development of a simplified, homogenized numerical
model of the 3D-printed structure without the need to model the geometry of the infill in de-
tail. Low-cost, commercially available Piezoelectric Polyvinylidene Fluoride (PVDF) sensors were

1The term experimental modeling refers to the process of obtaining an admittance matrix by direct measurement
of FRFs on the structure [12, 13].
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used to measure the strain frequency response functions as they are a good alternative to conven-
tional piezoelectric strain sensors with built-in electronics (Integrated Electronics Piezo-Electric -
IEPE) [29, 30].The introduction of strain responses in the SEMM formulation is expected to be
beneficial, as they are directly correlated with stresses and thus will enable better observability of
the dynamic properties of the system [31, 32].

The paper is organized as follows. The following section briefly summarizes the theory of
displacement and strain frequency response functions, followed by a short recap of the SEMM
method. Next, in Section 4 is presented the full-field expansion using the SEMM method for
mixing equivalent models of different physical quantities. Section 5 has an analysis of the proposed
method on a 3D-printed beam. Finally, the conclusions are drawn in Section 6.

2. Displacement and strain frequency response functions

In general, a frequency response function (FRF) describes the relationship between the output
response and the input excitation. Usually, the response is determined using displacement (u)
sensors (accelerometers, laser vibrometers). In classical modal analysis, excitation is usually per-
formed by applying a force (F ) with a modal hammer or shaker. For a linear, undamped system
with Nu response points and NF excitation points with Nr identified natural frequencies ωr, a
steady-state response at observed frequency ω can be written as follows:

Yu(ω) =
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r=1
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, (1)

where Φu and ΦF are mass-normalized mode shapes at the locations of the displacement response
and the force excitation, respectively. The rA

u is the displacement modal constants matrix at the
r-th natural frequency and can be written as follows:
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If all the excitation and displacement response points coincide, then Φu = ΦF since the displace-
ment response and force excitation are complementary quantities and form interrelated modal
constants [33]. Therefore, the modal constants matrix is symmetric (rA

u
ij =r Au

ji) and the FRF
matrix Yu is symmetric (Yu

ij = Yu
ji). This means it is possible to obtain the displacement mode

shape either at locations of the measured response (from the rows of the admittance matrix) or
even at the locations of the performed excitations (from the columns of the admittance matrix).

Strain modal analysis relies on a measurement of the strain responses (ε). Hence, the FRF
matrix presents the relationship between the strain response and the excitation force:
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where Φε and ΦF are mass-normalized mode shapes at the locations of the strain response and the
force excitation, respectively. The rA

ε is the strain modal constants matrix at the r-th natural
frequency and can be written as follows:

rA
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The number of excitation points is still NF and the number of strain response points is Nε. Even
if those points coincide the modal shapes obtained during excitation and at the strain-response
points are no longer the same: Φε ̸= ΦF . Therefore, the matrix of strain modal constants is no
longer symmetric (rA

ε
ij ̸=r A

ε
ji) and neither is the strain FRF matrix (Yε

ij ̸= Yε
ji).

From Eq. (2) it is evident that it is possible to identify only the displacement mode shapes
from the displacement FRF matrix. Since the displacement response and the force excitation are
complementary physical quantities, they hold the same information about the displacement mode
shape. In the case of the measured strain response on the force excitation, it is possible to identify
both the strain mode shape (from the rows of the admittance matrix) as well as the displacement
mode shape (from the columns of the admittance matrix)2, as is clear from Eq. (4).

3. System equivalent model mixing (SEMM)

The SEMM method was introduced by Klaassen et al. [13] and is based on the dynamic sub-
structuring approach using Lagrange multiplier frequency-based substructuring (LM FBS) [34].
While the LM FBS method tries to couple the response models of multiple different structures, the
SEMM method assembles equivalent models on a single substructure. For the sake of completeness,
a basic recap of the theory of the LM FBS method is presented [35]. To consider n subsystems,
all the local matrices are incorporated into a block-diagonal form. The equation of motion of the
discrete dynamic subsystem in the frequency domain is:3

u = Y (f + g) , where: Y =

Y1

. . .
Yn

 , u =

u1

...
un

 , f =

f1

...
fn

 , g =

g1

...
gn

 . (5)

The vector of Degrees of Freedom (DoFs) is u and represents the responses to the external force
vector f and g is the vector of connecting forces with the other substructures to ensure equilib-
rium conditions. The admittance matrix of all the considered subsystems in block-diagonal form
is denoted by Y. The compatibility and equilibrium conditions are introduced with the signed
Boolean matrix B (Eq. (6)), where the interface forces are represented by the vector of Lagrange
multipliers λ.

Bu = 0, g = −BTλ (6)

2The displacement-response mode shape is, in this case, actually the force-excitation mode shape, but since
displacement and force are complementary physical quantities, it is the same as the displacement mode shape.

3An explicit dependency on frequency is omitted to improve the readability of the notation, as will be the case
for the remainder of the paper.
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Using the equilibrium and compatibility conditions and eliminating the Lagrange-multiplier vec-
tor λ, the coupled structure’s response is obtained, presenting the basic equation for the SEMM
theory:

u = Ỹ f =
[
Y −YBT

(
BYBT

)−1
BY

]
f . (7)

The SEMM method is based on the parent model (Fig. 1a), providing the DoF set. The overlay
model (Fig. 1b) introduces the real dynamic properties. To form the final hybrid model (Fig. 1d),
the dynamic properties of the parent model are eliminated with the removed model (Fig. 1c).

(a)

+

(b)

-

(c)

=

(d)

Figure 1: Equivalent models for SEMM method; a) Parent model Ypar, b) Overlay model Yov, c) Removed
model Yrem, d) Hybrid model YSEMM.

The procedure applies a substructuring approach to expand the model dynamics contained in
an overlay model Yov onto the DoF space of a parent model Ypar [36]. Following Eq. (5) the
response of the hybrid model can be formulated as:

u = Y (f + g) , where: Y =

[
Ypar

−Yrem

Yov

]
, u =

[
upar

urem

uov

]
, f =

[
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f rem

fov

]
, g =

[
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grem

gov

]
. (8)

The DoF set of the parent model contains the internal (i) and boundary (b) DoFs. The bound-
ary DoFs must overlap with the overlay model so the dynamic coupling can be performed, while the
internal DoFs of the parent model can be unique. The equivalent models appearing in the SEMM
method are arranged by separating the internal and boundary DoFs in the admittance matrices:

Ypar =
[
Yii Yib
Ybi Ybb

]par
, Yov = [Ybb]

ov , Yrem = [Ybb]
par . (9)

The process of dynamic decoupling of the removed model and the coupling of the overlay model to
the parent model are achieved by applying compatibility and equilibrium conditions between all
the models, just like for coupling the multiple subsystems (Eq. (6)).

B =
0 I −I 0

0 0 I −I




{i {b {b {b }
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Coupling

Ypar

}

Yrem

}

Yov

(10)

Following the LM FBS methodology by eliminating the Lagrange multiplier and by considering
the localization matrix, a reformulation to the primal notation is achieved. The single-line form of
the basic SEMM method using primary admittance can be written as:

YSEMM = [Y]par −
[
Yib
Ybb

]par
(Yrem)−1 (Yrem −Yov) (Yrem)−1 [Ybi Ybb]

par . (11)
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The basic SEMM method also has some extensions, increasing its robustness [13]. One of them is
the ability to remove spurious peaks, which are a consequence of the conflicting dynamics between
the models [36]. If the removed interface is extended to all the internal DoFs (Ypar = Yrem), then
the final form of the fully extended SEMM method in a single-line notation is:

YSEMM = Ypar −Ypar ([Ybi Ybb]
rem)+ (Yrem

bb −Yov)

([
Yib
Ybb

]rem)+

Ypar. (12)

4. Extension of the SEMM formulation for an expansion of the strain FRFs

In general the admittance matrix consists of combinations of excitations and responses. In
structural dynamics, the excitation is usually performed using force or torque. The responses
of the system are acquired by measuring the displacements (accelerate, mobility or receptance),
rotations and strain. Every response type has its impact counterpart: displacement has force,
rotation has torque and strain has stress. Theoretically, it is possible to generate the FRFs with
torque and stress excitations, but it is nearly impossible to do this in practice [37, 38]. Therefore,
the strain FRFs usually involve excitation with a force and measurement of the strain response.
In this paper the extension of the SEMM method is proposed to be able to expand the strain
responses. Here, an extended formulation is presented, where the displacement and strain FRFs
are expanded simultaneously into a common hybrid model. The numerical model will hence contain
the force impact and responses presented as a combination of displacements and strains:
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Yu,F
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ε
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(13)

Following the original SEMM notation (Eq. (9)), the boundary and internal DoFs are divided to
conduct the parent, removed and overlay model:
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Since the response and excitation DoFs are not fully aligned, it is necessary to impose the compat-
ibility (c) and equilibrium (e) conditions separately using different signed Boolean matrices [23].

Bc u = 0, g = −BT
e λ (15)
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The matrix Bc defines the compatibility conditions, while the matrix Be determines the equilib-
rium conditions. The final equation for the LM FBS coupling/decoupling results in the following
expression [12]:

Ỹ = Y −YBT
e

(
BcYBT

e

)−1
BcY (16)

Regarding the presented division of the DoF on the internal and boundary together with fur-
ther separation to displacement and strain DoF, the B matrix must also be rewritten to ensure
compatibility (c) and equilibrium (e) conditions between the equivalent models:
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After performing linear-algebra operations between the defined matrices in Eq. (16) the final
equation for the basic formulation of the SEMM method is obtained:

YSEMM =
[
Y
]par
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A similar procedure can also be performed for the fully-extended formulation, where the removed
model is defined by the whole parent model, so it applies Ypar = Yrem. The final equation of this
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formulation has the following form:

YSEMM = Ypar −Ypar
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(20)

5. Experimental case study

The presented methodology was tested on a laboratory beam-like structure, 3D printed with a
Prusa i3 MK3S+ FFF (Fused-Filament Fabrication) printer. The printing involved a PLA filament
with a diameter of 1.75 mm. The other printing settings are collected in Table 1. To prove the
hypothesis that it is possible to extend the experimentally obtained displacement and strain FRF
based on a SEMM expansion process, two beams were printed with different infill percentages,
20 % and 40 %, both with a Gyroid shaped infill (Fig. 2), which represents a complex pattern that
is difficult to model numerically.

Table 1: Printing settings.

Parameter
Nozzle
diameter

Layer
height

Printing
speed

Infill
Fill

pattern
Nozzle
temp.

Bed
temp.

Value 0.6 mm 0.3 mm
Perimeter: 45 mm/s

Infill: 70 mm/s
20 %, 40 % Gyroid 210 °C 60 °C

(a) (b)

Figure 2: Infill pattern Gyroid in Prusa Slicer software and during the 3D-printing process; a) 20 % infill, b) 40 %
infill.
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5.1. Experimental response model

To obtain the FRF of the analyzed structures, we performed an experimental modal analy-
sis measuring the displacement and strain response in terms of the force excitation. The struc-
tures were excited using a miniature modal hammer (PCB 086E80) with a sensor sensitivity
of 23.53 mV/N. The applied forces were rather small, about between 10 and 15 N, so the re-
sponse displacements were also small and still in the linear elastic range (the maximum displace-
ment of the analyzed beams was ≈ 5 µm). The displacement response was acquired using a laser
vibrometer (Polytec PDV-100). It was set in the highest velocity range (500 mm/s with a sensi-
tivity 125 (mm/s)/V) and was capable of detecting signals in the frequency range between 0.5 Hz
and 22 kHz. It has 24-bit analogue-to-digital conversion in a voltage range of ±4 V. The strain
responses were measured using commercially available PVDF strain gauges.

The analyzed beam was divided into seven equidistant points, where the FRFs were measured
(Fig. 3). The number of observed measurement points was determined by the size of the strain
sensor. Here we proposed a relatively large number of sensors to obtain the dynamic response with
high spatial resolution. The structure was excited at all seven points and the strain sensors were
also placed at these locations. Strain gauges were placed on the bottom of the beam, while the
excitations were performed on the top surface. The displacement response was measured at only
one location at point 3 on the top surface of the beam (Fig. 4).

300

30
10

y
y

z

z

x

x
Reference excitation point
Excitation point

Strain sensor - x direction
Reference strain sensor - x direction
Velocity sensor - z direction

1 2 3 4 5 6 7

Figure 3: Schematic presentation of experimentally obtained locations.

Figure 4: Experimental setup.

The overlay model for the SEMM expansion included only the strain responses at points 2, 4
and 6 (in Fig. 3 marked with yellow dots and orange circles) and the displacement response at
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point 3 (in Fig. 3 marked with a blue circle). The rest of the experimental locations served as a
reference model, according to which the accuracy of the expansion was assessed.

5.1.1. PVDF strain gauges

The strain response of the 3D-printed structure was measured using PVDF strain sensors. To-
day, piezoelectric polymer sensors are widely used as switches, speakers, microphones [39]. They can
also be used for vibrational testing [29]. Therefore, we acquired the strain FRFs using commercially
available PVDF strain gauges. Their bimorph configuration is made of a 28 µm thick piezoelectric
polymer film, connected to a 0.125 mm electrode (Fig. 5). PVDF sensors are small (10x15 mm),
very flexible, enable a high voltage output, and can be used in a wide frequency range [39]. An-
other benefit of these highly flexible PVDF strain gauges is the ability to use them on slightly
curved faces, which is not feasible with classic strain sensors that have quartz sensing elements in
a titanium housing [40].

25

15
22

13 10.2

28 μm

125 μm125 μm

Protective coating (polyester reinforcement)

Potetcive coating (protective mylar)

Piezo film

Top electode (silver coating)

Bottom electode (silver coating)

Figure 5: Schematic representation of strain gauge.

The measuring principle of strain gauges is based on averaging the strain through the contact
surface. Therefore, the highest measured frequency is limited to the ratio of the corresponding
strain mode shape’s wavelength and the length of the strain sensor [40]. A PVDF sensor with a
larger area has a larger output voltage and a better signal-to-noise ratio (SNR), but it is not suitable
for detecting higher frequencies. On the other hand, the small sensor can detect high-frequency
signals, but with weak output voltage, which results in a low SNR [29, 41].

The cross sensitivity of PVDF sensors was investigated in [41], where they showed that the longi-
tudinal direction has a five-times-higher sensitivity compared to the transverse direction. However,
the measured voltage will always be a result of the strain field due to Poisson’s effect [40].

The PVDF strain sensors used have a nominal sensitivity of 205 mV/µε. They were calibrated
on-site using a calibrated reference quartz strain sensor (PCB 740B02). The unknown sensitivity
of the PVDF strain sensors was evaluated as the ratio between the PCB reference signal and the
acquired PVDF voltage signal. The comparison of the two signals is shown in Fig. 6. Here, it
can be seen that the response measured with the PVDF strain sensor is almost identical to the
response of the PCB reference strain sensor. In addition, the signal from the PVDF sensor is less
noisy in the anti-resonance regions where the PCB sensor has a slightly worse SNR. The reusable
PCB strain sensor has a titanium housing and is therefore unable to accurately detect strain at
higher frequencies with smaller magnitudes.

The PVDF strain sensors were attached to the structure using polycrylic glue. The generated
voltage was measured using acquisition modules with a 16-bit resolution (NI 9215) mounted to the
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Figure 6: Comparison of strain response between reference PCB quartz strain sensor and PVDF strain sensor.
- PCB strain sensor, - PVDF strain sensor

measurement chassis (NI 9172). The signals were measured with a sampling rate of 50 kS/s. The
sensors were connected to the acquisition system via a lead wire, and contact was made with a
terminal block to allow simple assembly and disassembly (Fig. 7).

(a) (b)

Figure 7: PVDF sensors attached to the testing beam; a) distribution of seven sensors, b) detailed presentation of
the attached sensor.

5.2. Numerical response model

The numerical model was created by the finite element method (FEM) using the commercial
software Ansys Workbench. We used linear material properties with linear 3D finite elements with 8
nodes. The sparse matrix solver used by the block Lanczos eigensolver is used to solve the eigenvalue
problem on a single processor with four threads. The finite element model consisted of 5760
elements with a total of 7865 nodes. The numerical models were significantly simplified, compared
to real 3D-printed beams, since we proposed a homogeneous material without a detailed description
of the complex infill pattern’s configuration. Attached measurement sensors were ignored in the
numerical model to demonstrate that even a simple numerical model can serve as a sufficient basis
for the expansion process with the proposed SEMM formulation. The outer dimensions were the
same as in the experimental models. The model consists of 5760 linear finite elements with 8 nodes
at each element (Fig. 8).

In addition, the material properties of the beam were considerably simplified, since the beam
was modeled with isotropic material that has a uniform Young’s modulus. For both experimental
models, different numerical models were built, varying in material density, but with the same
Young’s modulus, approximated based on the findings in [11]. The density was calculated from the
measured mass and known geometry. The main advantage of the proposed method is that even
a highly simplified numerical model proposing isotropic material properties provides a sufficient
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approximation to perform the accurate expansion process, since the real dynamic properties are
integrated with the inclusion of the experimental response model. The properties of the material
used are collected in Table 2. The system matrices were built using linear assumptions regarding
material properties and proportional viscous damping. A value of 0.05 was assumed for the constant
damping coefficient. This damping value is only a rough approximation, since the hybrid model
inherits the damping properties of the experimental response model [28].

Table 2: Material properties of numerical models.

Parameter Mass [g] Density [kg/m3] Young modulus [MPa]

20 % infill 46 511 2500
40 % infill 66 733 2500

Figure 8: Finite-element model of the analyzed beam.

The FRF matrices of the numerical models were generated using the modal-superposition
method, using the first 50 natural frequencies and the corresponding mode shapes to eliminate
the effect of the modal truncation.

5.3. Results

The accuracy of the expansion process was evaluated with the reference experimental model
that had a higher spatial resolution (7 measurement points). The frequency range of the analysis
ranged between 100 and 3000 Hz. This frequency range was proposed as the first natural frequency
is above 200 Hz and because of the poor SNR in the low frequency range due to the low strain
values.

A comparison of the strain FRFs of the experimental and numerical models is presented in
Fig. 9. Here, an evident FRF amplitude shift between the numerical and experimental results can
be observed. The experimentally obtained strains are approximately 10× lower than the numerical
results due to the incorrect material and geometrical properties.

A comparison between the natural frequencies for the experimental and corresponding nu-
merical models is presented in Table 3. The natural frequencies of the experimental model were
identified using a multi-reference modal identification algorithm. The difference between the nu-
merical and experimental natural frequencies is approximately 20 %. Even though there are some
similarities in the FRF shape, the numerical model in the presented form is not directly suitable for
further analysis since it does not reflect the dynamic properties of the real structure. Nevertheless,
as was demonstrated in [28], it can be used for an expansion process with an experimental model.

5.3.1. Expansion process

Using the proposed SEMM expansion process, the experimentally obtained dynamic properties
from a limited number of DoFs were extended to DoFs of the numerical model with a higher spatial
resolution. We incorporated the proposed SEMM formulation into the Python open-source package
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Figure 9: Comparison of experimental and numerical strain FRFs obtained with excitation at point 2 and response
at point 5; a) 20 % infill, b) 40 % infill.

- numerical model, - experimental model

Table 3: Natural frequencies of numerical and experimental models for beams with different infill percentages.

Mode number
1. 2. 3. 4. 5.

Infill 20 %
Num. [Hz] 252 690 1342 2195 3656
Exp. [Hz] 222 592 1135 1784 2532

Infill 40 %
Num. [Hz] 210 576 1121 1832 2701
Exp. [Hz] 174 469 889 1435 2072

pyFBS [42], and the extensions were performed using this formulation. To access the quality of
the expansion process, the numerical model consists of all the DoFs obtained in the reference
experiment (Fig. 10a). Here, it should be emphasized that the numerical model can include all the
points in the FEM model.

To use the SEMM expansion process, the numerical model is reformulated by separating the
internal and boundary DoFs to form a parent model (Fig. 10b). The parent model is a mixture of
the displacement and strain FRFs. Similarly, the overlay model is formulated from the experimental
model, which includes only the boundary DoFs (Fig. 10c). Three excitation points and four
response points (three strain points and one displacement) comprise the overlay model. These DoFs
were also present in the parent model (boundary-boundary (bb) region in Fig. 10b).

The result of the SEMM expansion process is a hybrid model, defined in all DoFs of the parent
model. The accuracy of the results was assessed using the coherence criterion [12], comparing
the expanded results with the reference experimental model. Values close to one indicate better
agreement between the compared models, whereas values closer to zero indicate the opposite. The
Table 4 quantitatively illustrates the efficiency and superiority of the SEMM expansion procedure.
Despite the poor agreement between the experimental reference model and the numerical model
at all DoFs, the SEMM method can be used to qualitatively expand the marginal DoFs. Only 12
measured FRFs successfully updated the remaining 44 FRFs in the numerical model. The average
coherence value was increased from about 0.5 to 0.8.

Fig. 11 shows the quality of the expansion process in detail. After the expansion the FRFs on
the boundary DoFs still have a very good alignment with the reference experimental model (the
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Figure 10: Admittance FRF matrices of the analyzed component; a) numerical, b) parent, c) overlay model.

Table 4: Comparison of coherence values between experimental, numerical and SEMM expanded model for beams
with 20 % and 40 % infill.

infill exp. vs num. exp. vs SEMM

20 %

i b i b
i 0.50 0.50 i 0.77 0.81
b 0.52 0.53 b 0.81 1.00

40 %

i b i b
i 0.50 0.50 i 0.72 0.77
b 0.51 0.52 b 0.77 1.00

coherence value is very close to one). In the internal-boundary (ib) and boundary-internal (bi) area
(Fig 10), the expansion is successful, with an average coherence of around 0.8. A poorer expansion
result can be observed in the internal-internal (ii) area, where the average coherence is around 0.75
in both cases.

Based on Fig. 11 we can conclude that the expansion of the DoFs, where neither response nor
excitation was acquired, is not very accurate. Moreover, a less accurate expansion can also be
observed at the edge DoFs (points 1 and 7). The reason for that may be in the divergent geometry
on both edges of the beam (rounded edges, final wall, etc.). All these details make the beam locally
stiffer and therefore challenging to expand the dynamic properties acquired for the internal DoFs.
The second reason for a poorer expansion accuracy of the edge DoF may also be the reference
experimental model itself. It is very challenging to excite a structure at the edge of the beam and
also the strain-gauge placement is difficult. Therefore, the reference FRF acquired at the edge
of the beam may not be accurate and must be treated with caution. To avoid this problem of
inconsistent measurement at the edges of the beam due to low strain values, we can simply place
the strain sensors further away from the edges or use a different measurement method. It is not
recommended to use such inconsistent measurements in expansion process, because they can lead
to inaccurate expansion results. In such cases, it is better to omit less consistent measurements
from the experimental response model and perform the expansion process using only consistent
measurements, as shown in [26].
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Figure 11: Average value of coherence criteria when comparing the reference experimental model with the SEMM
expanded model; a) 20 % infill, b) 40 % infill.

The expansion of the displacement response (point 3 marked with blue in Fig. 11) was also
successful (average coherence of expanded part is around 0.75). To achieve even better accuracy,
it would be necessary to include an additional repose point in the overlay model.

Fig. 12 shows a comparison of the SEMM expanded strain FRF and the reference experimen-
tal FRF. The expanded strain FRF belongs to the boundary-internal (bi) region of the parent
model. We can see a good agreement for almost the whole observed frequency band. The discrep-
ancy is obvious only around the third natural frequency in the region between 600 and 1500 Hz.
The reason for this is that point 5 lies at the node of the third mode shape (Fig. 13) and is therefore
prone to error amplification.
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Figure 12: Comparison of SEMM expanded and reference experimental strain FRF obtained with excitation at
point 2 and response at point 5; a) 20 % infill, b) 40 % infill.

- expanded model, - experimental model

Using a multi-reference modal identification method the same natural frequencies were identified
on the expanded models as on the reference experimental models (Table 3). The identified strain
and displacement mode shapes are simultaneously presented in Fig. 13 enabling better observability
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of the dynamic properties of the analyzed structure. The displacement mode shapes are visualized
with the actual displacements of the points (scaled to regions between -1 and 1). Strain mode
shapes are superposed on the corresponding displacement mode shape with a color scheme, linearly
interpolated between the measurement points. Strain mode shapes were also scaled to regions
between -1 and 1. The PVDF strain gauges were positioned on the bottom surface of the tested
beam.

1 2 3 4 5 6 7

−1

0

1

R
el

a
ti

v
e

d
is

p
la

ce
m

en
t

[/
] Freq.: 222 Hz

1 2 3 4 5 6 7

Freq.: 592 Hz

1 2 3 4 5 6 7

Freq.: 1135 Hz

1 2 3 4 5 6 7

Freq.: 1784 Hz

1 2 3 4 5 6 7

Freq.: 2532 Hz

−1

0

1

R
el

a
ti

v
e

st
ra

in
[/

]

(a)

1 2 3 4 5 6 7

−1

0

1

R
el

a
ti

v
e

d
is

p
la

ce
m

en
t

[/
] Freq.: 174 Hz

1 2 3 4 5 6 7

Freq.: 469 Hz

1 2 3 4 5 6 7

Freq.: 889 Hz

1 2 3 4 5 6 7

Freq.: 1435 Hz

1 2 3 4 5 6 7

Freq.: 2072 Hz

−1

0

1

R
el

a
ti

v
e

st
ra

in
[/

]

(b)

Figure 13: First five displacement and strain mode shapes of analyzed beam (strain is measured at the bottom
surface of the beam); a) 20 % infill, b) 40 % infill.

- location of measured strain, - location of expanded strain, - aliased mode shape

Fig. 13 shows that it is possible to perfectly identify the first 5 mode shapes, even on the edge
points (1 and 7), where the coherence with the experimental model was slightly less accurate.
These observations are supported by the high value of the diagonal terms of the MAC criterion
(around 0.99). The displacement mode shapes were identified from the FRFs obtained by the
strain response on the force excitation. The same displacement mode shapes were obtained with
the displacement response to the force excitation. This proves that it is possible to simultaneously
expand dynamic models of different physical quantities using the proposed SEMM formulation.
The conclusion could also be validated by established non-contact full-field methods, but this is
beyond the scope of this article.

The black line in Fig. 13 shows the mode shape that could be identified based only on the
part of the experimental model included in the overlay model. Here, we considered only three
strain-response measurements from the whole experimental response model that contains 7 strain-
response locations. In this case, due to the limited spatial resolution, the aliasing effect occurs;
therefore, is possible to accurately identify only the first mode shape. However, by using the SEMM
expansion process it is possible to identify even higher mode shapes (Fig. 13), even though only
three response points were included in the experimental (overlay) model.
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6. Conclusion

This article presents an alternative approach to modeling 3D-printed structures with complex
infill patterns. The strain response for a limited number of points was obtained experimentally,
while the full-field response was provided using the proposed extended form of the SEMM ex-
pansion method. The proposed SEMM formulation enables the inclusion of dynamic models of
complementary and also non-complementary physical quantities.

The strain response of a 3D-printed structure with a complex infill was acquired with low-
cost PVDF strain sensors. Using the proposed SEMM formulation with the simplified numerical
model, it was possible to accurately expand the dynamic properties of the experimental model
to a denser set of DoFs. The expanded response model contained information about the strain
and displacement response and the identified mode shapes match very closely with the reference
experimental model.

The performed analysis indicates that the most accurate expansion is achieved at locations
where measurements of either the response or the excitation were performed (at the so-called
internal-boundary (ib) area and boundary-internal (bi) area). The least accurate extension quality
is in the area where no measurements have been made (internal-internal (ii) area). This proves that
adequate observability and controllability of the system are crucial steps for accurate expansion
results.
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D. J. Rixen, pyFBS: A python package for frequency based substructuring, Journal of Open Source Software
7 (69) (2022) 3399.

19


	Introduction
	Displacement and strain frequency response functions
	System equivalent model mixing (SEMM)
	Extension of the SEMM formulation for an expansion of the strain FRFs
	Experimental case study
	Experimental response model
	PVDF strain gauges

	Numerical response model
	Results
	Expansion process


	Conclusion

